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We study the roles of the wobbling motion of a nucleus (182Os) in the band crossing region by
means of the generator-coordinate method with angular momentum projection. As the generating
functions, we employ the 3d-cranked Hartree-Fock-Bogoliubov wave functions, in which the symme-
try of signature is broken. It is found within our framework that the wobbling motion dynamically
recovers the signature symmetry. We observe a sharp band crossing between I=2 (low-K) and
I=1 (high-K) bands, and discuss the mechanism of the crossing in terms of the signature and
K-quantum number.
PACS number(s): 27.70.+q, 21.10.-k
The backbending phenomenon was discovered early in
1970s’ [1,2] in pursuit of high spin physics. The phe-
nomenon is usually explained in terms of crossing of
a g-band (ground band) with an s-band (super band).
With many theoretical eorts [3{8], the crossing is un-
derstood in terms of the \rotation-alignment", and the
s-band is interpreted as an \aligned band". The rotation-
alignment is the picture in which a few decoupled quasi-
particles near the Fermi level are excited into the high-j
low-Ω orbitals through the Coriolis force. The alignment
of the quasiparticles is therefore along the axis of collec-
tive rotation (the intrinsic 1-axis). Thus, both the g- and
s-bands are considered to involve a low-K intrinsic state
.
On the other hand, recent papers report observations
of band crossings involving high-K intrinsic states in A
180 region (for example, K = 8+ in 182Os and 180W)
[9{12]. The backbending phenomenon accompanied with
this high-K band crossing seems to be caused by a mecha-
nism dierent from the usual rotation-alignment. Walker
et al. speculate [11] that the high-K band is character-
ized as a tilted-rotation band (t-band) as per the follow-
ing facts.
In A180 nuclei, the Fermi level lies in the middle of
the high-j orbitals. The excited single-particle states are
expected to be in the high-j high-Ω orbitals and have
substantial angular momentum components both along
the intrinsic 1-axis and along the 3-axis. In other words,
these nuclei have dual features of the rotation-alignment
and the deformation-alignment.
They considered the tilted rotation as a uniform and
static rotation around a tilted axis away from the prin-
cipal axes. This consideration is based on the tilted axis
K-quantum number is the projection of angular momentum
on to the intrinsic 3-axis, the symmetry axis of quadrupole
deformation
cranking model (TAC) [13], in which the TAC states are
constructed by a single conguration having a classical
picture. Following the TAC model, the high-K crossing is
explained as a sudden directional change of the rotating
axis, i.e., a quick transition from principal axis cranking
to tilted axis cranking [14]. This picture should be mod-
ied to deal with the quantum phenomena in which the
coupling of more than two dierent states is involved.
To describe the mechanism of the high-K crossing,
we utilize a quantal approach: the generator coordi-
nate method (GCM) after angular momentum projection
(AMP) [15,16] , in which 3d-cranked HFB (3d-CHFB)
states are employed as the generating functions [17,18].
The method corresponds to the variation after projec-
tion, which can take into account the dynamical coupling
of intrinsic motion with collective rotation. In this man-
ner, we can deal with general rotations including wob-
bling motion. In our calculations, the wobbling motion
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where P^ IMK is the AMP operator, and the intrinsic states
j’( ; )i correspond to the 3d-CHFB states. The angular
momentum projection performed here is exact and three-
dimensional [20]. The intrinsic states are obtained for
182Os through the self-consistent 3d-CHFB calculations
with several constraints. Prescriptions for generating the
intrinsic states and details of the interaction (the pair-
ing plus quadrupole interaction) are explained in Refs.
[17,18]. The parameters  ;  are dened as tilting angles
in the angular momentum constraints,0@ hJ^1ihJ^2i
hJ^3i
1A =
0@ J cos cos J cos sin 
J sin 
1A : (2)
We should note that one of the tilting angles,  , is mea-
sured from the 1-axis, while the other tilting angle  is
1
measured in the usual manner. For the present calcula-
tion, only one value of J is considered,J = 13h, for the
reason that experimentally the high-K band crossing in
the A  180 region occurs around this value of angular
momentum [12]. There are three kinds of the generator
coordinates in Eq.(1), that is, K; and . However, in
this paper, we x the azimuthal angle  to be zero for
the sake of simplication in numerical calculations.












The overlap matrix N IKK0( ; 
0) and the energy matrix
HIKK0( ; 
0) are dened as,











We solve Eq.(3) in two steps [21]. (1) Diagonalize the
norm overlap matrix N IKK0( ; 
0) with respect to both
magnetic quantum number (K) and the tilting angle ( )
to obtain eigenvalues In and eigenfunctions 
I
n( ;K) (n
is an index specifying the n-th eigenstate). (2) Dene a
new energy matrix with the help of the eigenvalues I















The Hill-Wheeler equation then gets transformed into
an ordinary eigenvalue equation in the basis of orthonor-
mal states. Then we solve the equation to obtain energy
eigenvalues EI and corresponding eigenfunctions.
Numerical integration with respect to tilting angle  is
achieved through the discretization procedure. We take
only three points for  ;  = 0;6. This set of the
angles is the minimum set to discuss the following two
things. One is the eect of the K-mixing. Each state,
j’( )i with  = 0 and 6, is examined to have a ma-
jor K-component about 0, and 5h, respectively [20]. By
superposing just these three states in Eq.(1), the mixing
between high-K and low-K states can be fullled. The
other is the dynamical restoration of the signature sym-
metry through the wobbling motion. As shown in our
previous paper [20], the simplest way to recover the sig-
nature symmetry in the 3d-cranking model is a linear
combination of the two 3d-CHFB states with positive
and negative tilting angle: j’(+ )i and j’(− )i y. This
yHereafter,  in the expression such as j’( )i means non-
zero. For the case  =0, we write explicitly the state as j’(0)i.
combination can be understood by the tunneling eect
[21] rather than the wobbling eect. To take the wob-
bling motion into account, the 3d-CHFB state with  =0,
j’(0)i, should be added to the above combination. In this
way, not only we can see clearly the physics involved in
the wobbling motion, but also we can execute numerical
calculations with a minimum eort. It may appear very
unsatisfactory that we take only small angles. However,
in these calculations high-K states are involved and the
dimension in Eq.(3) grows rapidly with the number of  
points. Therefore, as a rst test case we just want to
restrict to a small amplitude of the wobbling motion.
Sometimes there are vanishingly small negative values
of I , although they must be positive. These negative
values are caused by numerical errors. We have carefully
examined several factors that can produce the errors. For
example, accuracy of the numerical integration, unitar-
ity of the generalized Bogoliubov transformation, preci-
sion of the Wigner’s function, and so on. However, we
have found no serious problem in any of these factors.
Finally, we have followed the well-known prescription,
say, the \cut-o" procedure by excluding the states in
Eq.(5) corresponding to the small negative eigenvalues.
The maximum value of the negative norm eigenvalue is
of order 10−4. We thus keep about ve states for the ma-
trix Eq.(5). (cf. the multiplicity is about 1.71 for odd-I
and 1.46 for even-I. This justies our way of \cut-o".
See Ref. [20] for the denition of the multiplicity.) With
this \cut-o" matrix, we calculate the energy eigenvalues
and the eigenfunctions, which are considered reliable.
Fig.1 shows the resultant energy spectrum EI in which
a rotational energy is subtracted.












FIG. 1. Energy spectrum EI (MeV), in which rotational
energy, 0:01  I(I + 1), is subtracted from the excitation en-
ergy. A band crossing of I=1-band with I=2-band is seen
at I = 12h.
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We can see a I=2 band and a I=1 band. They
cross each other rather sharply with 97 keV energy gap
at I = 12h. This fact indicates that the inter-band in-
teraction is somewhat weak. A staggering can be seen
in the yrast band after the crossing, although the am-
plitude is quite small in magnitude (about 15 keV). The
even-spin sequence is slightly lower in energy than the
odd-spin sequence.
It is better to see weight functions f IK( ) rather than
energy spectrum in order to study the structure of each
band, because the weight functions have clear infor-
mation on the inter-band interaction. Fig.2 shows the
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FIG. 2. Weight function fIK( ) before (I=10 and 11), at
(I=12), and after (I=13 and 14) the band crossing point
for the yrast (left column) and yrare (right column) bands.
Curves with open squares, diamonds and stars in each graph
show the weight function fIK(+ ); f
I




Before the crossing (I = 10h), the yrast band is of
a low-K (K  0) character while the yrare band is of a
high-K (K  5h) character. At the crossing point (I =
12h) , we can see the evidences of the band-mixing among
the two relevant bands (i.e. the yrast and the yrare bands
with even-I states ): two small peaks of f IK( ) in jKj ’
5h in the yrare state and a double-well of f IK(0) near K =
0 in the yrast state. After the crossing (I = 14h), the
bands characters are exchanged completely. In the even-
I members, we can see a trace of the band-mixing: in the
yrast state, height of the two peaks of f IK( ) around
jKj ’ 5 is a little bit decreased after band crossing, while
the yrare state is similar to the state in I = 12 and
apparently perturbed. On the other hand, the states
with odd-I spin seem unperturbed. In this manner, it
is conrmed that our approach can handle a quantum
eect (band-mixing) in the band crossing region through
dynamical coupling of the bands, i.e., wobbling motion.
The yrast (yrare) state at I = 10h has a major com-
ponent of K=0 (K=5h) , and most of the K = 0
(K=5h) components are brought by a 3d-CHFB state
with  =0 ( =6), i.e., j’(0)i ( j’( )i ). In this way,
before the crossing, the yrast band, i.e., I=2 -band,
has a genuine character of principal axis rotating state
(PAR-band) while the yrare state, i.e., I=1 -band, has
a character of tilted axis rotating state (TAR-band)z.
Now, we would like to discuss the symmetry of sig-
nature in the wobbling motion in some details. As seen
from Fig.2, all the states are classied into two kinds with
respect to positioning of the curves; one is symmetrical
(I =even) while the other is anti-symmetrical (I=odd),
and we have
f IK( ) = (−1)
If I−K(− ): (6)
The I=2-band consists only of the symmetrical states
while the I = 1-band contains both symmetrical and
anti-symmetrical states.
The factor (−1)I in the above relation happens to be
the same as the signature for the states with K = 0
[19]. We now prove that the factor (−1)I corresponds
to the signature also in the case of the wobbling states,
which involve the high-K as well as low-K states. We
start from the denition of the signature in the case of
the 3d-cranking model, which we have proposed in our
previous work [20]. According to the method generating
the intrinsic states, we can demonstrate a relation,
R^1()j’( )i = j’(− )i: (7)
The operator R^1() stands for the -rotation around the
1-axis, which is taken along the principal axisx of the
intrinsic quadrupole moment that is perpendicular to the
symmetry axis of the non-rotating state [20]. With the
relation (7), it can be shown that













z\TAR" used in the present paper is dierent from an en-
ergetically stable 3d-CHFB solution, which we called \TAR"
in a previous paper [17,18]. \TAR" in this paper means just
a 3d-CHFB solution with non-zero tilting angle.
xNote that this axis does not correspond to the rotating axis
in the 3d-cranking model.
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In the derivation, we use the rotational symmetry of the
Hamiltonian and the properties of the Wigner’s function
in the angular momentum projection operator. Since the
Hill-Wheeler equation ( Eq.(3) ) is invariant under the
operation, the solutions turn out to be eigenfunctions of
the operation. This means,
f IK( ) = rf
I
−K(− ); (9)
where jrj is unity. We can call this factor the \signa-
ture". Now comparing Eq.(6) with Eq.(9), we nd that
the solutions have a relation,
r = (−1)I : (10)
From this result, even- and odd-I members in the
I=1 band are interpreted as the signature-partner.
In our previous paper [20], we introduced the signature





where + (−) denotes the positive (negative) signature.
The signature projected TAR states, ^j’( )i, have
been shown, through angular momentum projection, not
to satisfy a relation like Eq.(10). Therefore, the signa-
ture r in Eq.(9) is dierent from the one given in Eq.(11).
The dierence is that the signature projector ^ treats
only tilting angle  while the wobbling motion, i.e., the
dynamical symmetry restoring mode, deals with both  
and K-quantum number together.
We now interpret the band crossing feature in terms
of the signature and K-quantum number. At rst,
the mixing occurs only between even-I members of the
I=2 band and I=1 band, because these members are
labeled by the same signature (r=+1). Second, odd-I
members of the I=1 band are not signicantly aected
by any other bands in this energy region because this
band has the negative signature (r=−1) and is isolated.
Third, the staggering occurs because the odd-I mem-
bers in the I=1 band are unperturbed, while the even-I
members in the I=1 band are pushed down due to the
inter-band interaction, as mentioned above. Finally, the
amplitude of the staggering is very small because the K-
distributions are so dierent in the even-I members of the
PAR- and TAR-bands that the overlap of the states are
small, that is, the inter-band interaction between these
bands is weak.
These discussions imply that the simple two-band
crossing of the g-band and the t-band cannot cause the
\splitting" observed experimentally in 182Os or other
even-even nuclei in the A ’ 180 region [11]. However,
we may explain the weak interaction between the g- and
t-band in odd-mass nuclei such as 181Re [9]. In even-
even nuclei, it is discussed by several papers [24,23] that
the s-band would play an important role in producing
the signature splitting. We discuss this point later. On
the other hand, in odd-mass nuclei, the s-band is located
much higher in energy compared to the other two bands
(the g- and high-K bands), so that the situation seems
similar to our models.
Recently, another \signature splitting" is observed in
K = 10+ band of 184Os [23]. In this case, the splitting
seems to occur due to the crossing of three bands; the
g-, \t-" and s-bands. The s-band is considered as the
neutron aligned states. These bands come close to one
another around I  15h and the inter-band transitions
are observed among these bands. The splitting occurs in
I  16h. Phenomenological analysis using three-bands
mixing calculation [24] shows that after the crossing the
bands becomes highly mixed states of unperturbed g-,
\t-" and s-bands. In particular, it is stressed that the
strong interaction between the \t-" and s-bands plays an
important role in producing the splitting.
On the other hand, Sheikh, Sun and Walker claim that
the interaction between the s- and high-K (\t-") bands is
quite weak due to the separated K-distributions in their
calculations (the projected shell model) [25].
Our present calculations do not give useful informa-
tion to discuss the interaction between the s- and high-K
bands, because near the band crossing region there is no
band corresponding to the s-band, i.e., a state with the
neutron aligned conguration. In future calculations we
want to see the eect of the s-band in the wobbling mo-
tion. We just speculate that in our GCM calculations the
wobbling motion makes K-mixing in the s-band through
a wide range of K-quantum numbers. In addition, both
of the bands are considered as the neutron two quasipar-
ticle conguration while the g-band is the quasiparticle
vacuum. As a consequence, the overlap of the states in
the s- and high-K bands may be large to produce the
strong inter-band interaction between these bands.
In conclusion, based on the variation after projec-
tion (GCM after AMP with 3d-CHFB states), we ob-
tain energy spectrum exhibiting two-bands with crossing
of I=2 (low-K) and I=1 (high-K) bands. The low-
K and high-K bands are assigned approximately to be
PAR and TAR-bands, respectively, from an analysis of
the weight function f IK( ). Furthermore, the wobbling
motion plays a role of the signature symmetry restoring
mode. Thus, the bands are labeled by the signature de-
ned in Eqs.(9, 10).
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